We show existence of centrally symmetric maps on surfaces all of whose faces are quadrangles and pentagons for each orientable genus g ≥ 0. We also show existence of centrally symmetric maps on surfaces all of whose faces are hexagons for each orientable genus g = 2k − 1, k ∈ N. We enumerate centrally symmetric triangulated manifolds of dimensions 2 and 3 with few vertices.
Introduction and definitions
In this article we consider simplicial complex which are finite and abstract. A simplicial complex K is called a combinatorial d-manifold if lk K (u) is a combinatorial (d-1)-sphere for each vertex u in K. A simplicial complex M is said to be a triangulated d-manifold if it's geometric carrier |M| is a topological d-manifold. Let X and Y be two simplicial complexes. An isomorphism from X to Y is a bijection φ : V (X) → V (Y ) such that for σ ⊆ V (X), σ is a simplex of X if and only if φ(σ) is a simplex of Y. Two simplicial complexes X, Y are called (simplicially) isomorphic when such an isomorphism exists.
An isomorphism from a simplicial complex X to itself is called an automorphism of X. All the automorphisms of X form a group, which is denoted by Aut(X). Let i f i is called Euler characteristic of M. When d = 2 then 2-manifold is called surface, that is, a surface S is a connected, compact, 2-manifold without boundary. Let G := (V, E) be a finite simple graph with vertex set V and edge set E. Let G be a graph all of whose vertices have degree ≥ 3. A map M is an embedding of a graph G on a surface S such that the closure of components of S \ G, called the faces of M, are closed 2-cells, that is, each homeomorphic to 2-disk. A map M is said to be a polyhedral map if the intersection of any two distinct faces is either empty, a common vertex, or a common edge. A polyhedral map M is called triangulation if each face of M is a triangle. A group action is a description of symmetries of objects using groups. An involution is a function, when we applied it twice, it brings one back to the starting point. In this article, we use the involution which is represented by the permutation (1, 2m)(2, 2m − 1) . . . (m, m + 1) on 2m vertices. We call a polyhedral map M to be centrally symmetric in short CS if it is invariant under an involution of its vertex set which fixes no face of the object. Centrally symmetric has wide applications in mathematics, see [7] , [9] , [10] .
A subset C ⊆ R m is called convex if for each pair of points a, b ∈ C the arc ta + (1 − t)b ⊆ C, where t ∈ [0, 1]. Let A be a set in R m . The smallest convex set containing A is called the convex hull of A. A polytope is a convex hull of a finite set A. In particular, if a (n − 1)-polytope contains exactly n vertices then we call it (n − 1)-simplex and we denote it by △ n−1 . We recall that a d-dimensional polytope P ⊂ R d is called centrally symmetric if it is invariant under a point reflection through its center ([11] ). If we consider the center of the object P is origin then P is said to be centrally symmetric if P = -P. So, if d > 0 then the involution I : x → -x of R d does not fix any non-trivial face of P of the polytope P centered at origin and hence, P has an even number of vertices n = 2m. In this context, Grünbaum observed there is a unique 4-dimensional CS polytope on 10 vertices (see [2] ). This object is also nearly neighborly. He also showed that there is no nearly neighborly centrally symmetric 4-polytopes with n ≥ 12 vertices. See [5] , for more extensive literature on general properties of centrally symmetric polytopes and some other results related to centrally symmetric polytopes.
Let M be a triangulation with n vertices which can be always regarded as a subcomplex of △ n−1 . In general, any polyhedral map M can be regarded as a subcomplex of some d-polytope, see [3] . Let P be a polytope. The boundary of P is a sphere. We consider sphere which is boundary of a polytope, that is, a sphere is defined as a simplicial complex ∂(P ). A simplicial (d − 1)-sphere S is called l-neighbourly if every set of l (or less) vertices forms a face of S. The standard dihedral and cyclic group acts on the set {1, 2, . . . , 2m} with generators a 2m = (123 . . . 2m) and b 2m = (1, 2m)(2, 2m − 1) . . . (m, m + 1) of D 2m =< a 2m , b 2m > and Z 2m =< a 2m > respectively. Lassmann and Sparla (in [4] ) and Lutz (in [5] ) have studied centrally symmetric spheres and product of spheres under standard dihedral and cyclic group actions. Lassmann and Sparla [4] showed that there are three centrally symmetric 3-neighbourly triangulations of the product S 2 × S 2 with cyclic symmetry. Lutz [5] has extended this result and enumerated triangulations of product of spheres using cyclic and dihedral group action on n = 2d + 4 vertex where d is the dimension of the sphere.
A triangulation M on n vertices (see [3] ) is said to be tight or 2-neighbourly if its edge graph is a complete graph K n and it satisfies (n − 3)(n − 4) = 6(2 − χ(M)) = 12g where g is the genus of M. A tight or 2-neighbourly triangulation M on n vertices is said to be centrally symmetric if it avoids fixing a face under an involution and contains n 2 − n 2 edges. We denote it by n tight . Also, the map M satisfies the equality 2( [3] ). When n = 10 the above equation is not satisfied. Therefore, there does not exist tight triangulated centrally symmetric surface on 10 vertices. Lutz [5] showed existence of vertex transitive centrally symmetric triangulation of spheres and torus under cyclic and dihedral group action. In this article we relaxed the condition of vertex transitivity. We have extended this result to centrally symmetric triangulation of surfaces for few vertices under Z 2 group action. We have enumerated these objects by using computer. In Section 2, we use an idea which has been introduced in [3] to construct CS manifold from already known CS manifolds. For each orientable genus we show the existence of centrally symmetric quadrangulations in Section 3. Again, for each orientable genus we show existence of CS maps all of whose faces are pentagons in Section 4. Also, for each positive odd orientable genus we show the existence of CS surfaces all of whose faces are hexagons in Scetion 5. In Section 6 we give an idea to construct centrally symmetric maps on surfaces of type {q, p} from known centrally symmetric maps on surfaces of type {p, q}. In Section 7 we enumerate centrally symmetric triangulated 3-manifolds on 12 vertices by using computer. We use the notation CS in place of centrally symmetric and CST in place of centrally symmetric triangulated map throughout this article. The main results of this article are : 
Enumeration results for triangulated surfaces
In this section we present an enumeration of CST surfaces with Z 2 action. This is different from the vertex transitive enumeration done Lutz in [5] . We have modified the program MANIFOLD − VT [6] of Lutz. In this program Lutz has used cyclic and dihedral group of order 2m and 4m respectively and generated CS vertex transitive triangulated surfaces whose automorphism group are
We have replaced the groups by Z 2 and relaxed the criteria of vertex transitivity. We have used group action Z 2 =< I > on the set {1, 2, . . . , 2m} where I = (1, 2m)(2, 2m − 1) . . . (m, m + 1) denote the generator. It generates all possible 1-and 2-orbits, that is, 1 and 2 dimensional orbits. We denote by F I the image of the face F under the group action Z 2 . We neglect those 2-orbits containing F and F I for which F F I = ∅. And we ignore those 1-orbits for which e = e I . The remaining orbits are called admissible orbits. Therefore, for fixed n = 2m, we obtained all admissible 1-and 2-orbits under the group action Z 2 . In the process we check link of m vertices namely 1, 2, . . . , m which are use to define I. We also compute reduced homology groups to check orientability of the objects using [8] . Hence we get all possible non isomorphic CST surfaces. As a result for m = 3, 4 and 5 we have listed the objects in Table 1 . For m = 3 the object 6 tight obtained in Table 1 is isomorphic to Lutz's object [5] . For m = 4 we get 4 objects out of which the list object 8 tight in Table 1 is isomorphic to that of Lutz's object [5] . For m = 6, we give the number of non isomorphic objects for different genus in Table 2 . In this case and for χ = −8 we give the list of all the objects in Table 3 .
We give a technique to construct a CST surface from already known CST surfaces. We use this idea in the following sections. Let M 1 , M 2 be two CST surfaces and the involution
We consider two faces F Mt,1 and F Mt,2 of M t for t ∈ {1, 2} with the following properties : F It Mt,1 = F Mt,2 and there is no edge between the vertices of F Mt,1 with the vertices of F Mt,2 . We give list of maps with the following properties in Section 3, 4, 5. Figure 1 . We remove interior of F Mt,1 and F Mt,2 and obtain cycles ∂F Mt,1 , ∂F Mt,2 for t ∈ {1, 2}, see Figure 1 . We identify ∂F M 1 ,t with ∂F M 2 ,t for t ∈ {1, 2} by the map a 1) ) for s 1 , s 2 ∈ {i, j, k}. In this process, the vertices and edges of ∂F M 1 ,t identify with the vertices and edges of ∂F M 2 ,t respectively. Let χ(M t ) be Euler characteristic of M t for t ∈ {1, 2}. The Euler characteristic of the resulting object, say M, is χ(
For an example, if I 1 = (1, 2)(3, 4)(5, 6) and I 2 =(7, 8) (9, 10) (11, 12) then I = I 1 I 2 − {(3, 4) (5, 6)} gives I =(1, 2) (7, 8) (9, 10) (11, 12). We claim that M is CS under the involution I. Let F be a face of M such that F F I = ∅. Then the face F or its subset, say E, which is a face of M belongs to either one of M Example 
. We consider an isomorphic copy of M 1 and denote it by M 2 . Let 
Proof of Theorem1.1 The proof follows from arguments in Section 2. Table 1 gives the list of centrally symmetric triangulated surfaces for n ≤ 10 vertices. Table 2 gives number of different objects on 12 vertices. The total number of objects is 6303. It is clear from the tables by looking at homology groups that 1228 are orientable and 5075 are non orientable. ✷ ] from N 0 . We identify the cycles C(a 000 , a 00 = F 1 . Also, we consider an isomorphic copy of M 0 and denote it by N 1 . The map N 1 is CS under I N 1 := I M 0 . We choose two faces F 3 , F 4 of N 1 where F I N 1 3 = F 4 . We remove interior of F 1 and F 2 from M 1 and F 3 and F 4 from N 1 . Similarly, we define I M 1 using I M 1 and I N 1 . Also we identify ∂F 1 with ∂F 3 and ∂F 2 with ∂F 4 . Hence we get an object M 2 which is CS under I M 2 . Where the map M 2 := M 1 #N 1 of orientable genus g = 2 on 2.(26 − 8) + 26 = 2.18 + 26 = 62 vertices.
Remark 1 As one can see from Table 3 the number of CS objects on 12 vertices is huge and it is practically not possible to give all the list here. However we give the list of objects with χ = −8. Other objects are available with authors and may be supplied on demand. For the sake of clarity, in
Similarly, at g th step, we consider the object which is obtained at (g −1)
th step and denote it by M g−1 . We also denote the involution of the object under which the object is CS and denote it by I M g−1 . We consider an isomorphic copy of M 0 and denote it by N g−1 . It is CS under I N g−1 := I 1 . By the similar process, we get a map M g := M g−1 #N g−1 on g.(26 − 8) + 26 = g.18 + 26 vertices. Similarly, we define I M g using I M g−1 and I N g−1 . The map M g is CS under the involution I M g . Therefore, we can construct centrally symmetric orientable quadrangulated surfaces for any positive orientable genus.
Proof of Theorem1.2 The proof of theorem 1.2 now follows from arguments in this section. ✷ 4 Centrally symmetric orientable surfaces all of whose faces are pentagons
